The purpose of this paper is to provide a detailed treatment of the behaviour of essential spectra of closed densely defined linear operators subjected to additive perturbations not necessarily belonging to any ideal of the algebra of bounded linear operators. If A denotes a closed densely defined linear operator on a Banach space X, our approach consists principally in considering the class of A-closable operators which, regarded as operators in Ä .X A ; X/ (where X A denotes the domain of A equipped with the graph norm), are contained in the set of A-Fredholm perturbations (see Definition 1.2). Our results are used to describe the essential spectra of singular neutron transport equations in bounded geometries.
Introduction and preliminaries
For A ∈ .X/, the graph norm of A is defined by
where .A/ denotes the domain of A. It follows from the closedness of A that .A/ endowed with the norm · A is a Banach space. In this new space, denoted by X A , the operator A satisfies Ax ≤ x A ; and consequently, A ∈ Ä .X A ; X/. Let J be a linear operator on X.
A-defined, we will denote byĴ its restriction to .A/. Moreover, ifĴ ∈ Ä .X A ; X/, we say that J is A-bounded. One checks easily that if J is closed (or closable) (see [13, Remark 1.5, page 191]), then J is A-bounded. REMARK 1.1. We say that an operator J is A-closed if x n → x, Ax n → y, J x n → z for {x n } ⊆ .A/ implies that x ∈ .J / and J x = z. It will be called A-closable if x n → 0, Ax n → 0, J x n → z implies z = 0. It is evident that if J is closed (respectively closable), then J is A-closed (respectively A-closable). Note, however, that if A is closed, by [23, Lemma 2.1], we get the equivalence between the following three concepts: (i) J is A-closed, (ii) J is A-closable and (iii) J is A-bounded. DEFINITION 1.2. Let X be a Banach space, A ∈ .X/ and let F be an Adefined linear operator on X. We say that F is an A-Fredholm perturbation if
Let A .X/, A + .X/ and A − .X/ designate the sets of A-Fredholm, upper A-semi-Fredholm and lower A-semi-Fredholm perturbations, respectively. DEFINITION 1.3. Let A ∈ .X/ and let J be an arbitrary A-defined linear operator on X. We say that J is A-compact (respectively A-weakly compact, A-strictly
Let AÃ .X/, AÏ .X/, AË .X/ and ACË .X/ denote, respectively, the sets of Acompact, A-weakly compact, A-strictly singular and A-strictly cosingular operators on X. REMARK 1.2. Clearly, if J is bounded, then J is A-bounded, J is compact (respectively weakly compact, strictly singular, strictly cosingular) implies that J is A-compact (respectively A-weakly compact, A-strictly singular, A-strictly cosingular). 
The inclusion AË .X/ ⊆ A + .X/ (respectively ACË .X/ ⊆ A − .X/) was established in [12] (respectively [27] ).
When dealing with essential spectra of closed densely defined linear operators on Banach spaces, one of the main problems consists in studying the invariance of the essential spectra of these operators subjected to various kinds of perturbations. Among the works in this direction we quote, for example, [10, 15, 16, 17, 22, 24, 30] (see also the references therein). This work is a continuation of [17] , where we can find a detailed treatment of the behaviour of essential spectra of such operators subjected to additive perturbations belonging to arbitrary closed two-sided ideals of Ä .X/ contained in the set of Riesz operators (see [17, page 281] ). It is inspired by the work published in [15] and [16] , where A-weakly compact and A-strictly singular perturbations ( A denotes a closed densely defined linear operator) were considered on Banach spaces which possess the Dunford-Pettis property, and on L p spaces, respectively. Our main objective here is to extend the results obtained in [15, Section 4] and [16, Section 2] to arbitrary Banach spaces and to fit them into a more general framework. The extension consists principally in the possibility of considering the class of A-bounded operators which, regarded as operators in Ä.X A ; X/, are contained in one of the sets A + .X/, A − .X/, A + .X/ ∩ A − .X/ or A .X/. Accordingly, using the same strategy as in [17] , we find conditions which generalize previous ones discussed in [15, 16] . In contrast to the proofs of the results obtained in [15] and [16] , which use the geometric properties of Banach spaces considered, our analysis applies to all Banach spaces regardless of their specific properties and to a wide family of operators including, in particular, the sets AÃ .X/, AÏ .X/, AË .X/ and ACË .X/. Note also that our results provide a natural extension to those obtained in [17] .
In the last section we consider the following singular neutron transport operator
where Here the functions ¦ .·/ and Ä.·; ·/ will be assumed to be unbounded. More precisely, we will assume that there exist a closed subset Ç ⊆ Ê n with zero d¼ measure and a constant ¦ 0 > 0 such that
where q denotes the conjugate exponent of p. These assumptions were motivated by free gas models (see [4, 25] ) and were already used by Chabi and MokhtarKharroubi [2] in L 1 spaces and by Lods [18] in the case of L p spaces (see also [19, Chapter 9] or [28] ). The first part of the condition (1.2) means that the singularities of the collision frequency are contained in a set of zero d¼ measure. In fact, unbounded and nonnegative collision frequencies act as strong absorbers which allow the unboundedness of the collision operator. We also deal with abstract velocity measures [6] d¼.·/, hence our analysis works for continuous models (Lebesgue measure on open subsets of Ê n ), multigroup models (surface Lebesgue measures on spheres) as well as discrete ones (finite sum of Dirac measures).
In [2, 18, 19] the authors discussed essentially the asymptotic spectrum of A. The main goal of this paper is to apply the results of Section 2 to describe the essential spectra of the operator A subjected to assumptions (1.2) and (1. 
Our analysis is based essentially on Proposition 2.1, Proposition 4.1 and the knowledge of the essential spectra of the streaming operator T .
Main results
Let X be a Banach space and A ∈ .X/. In what follows we shall be concerned with A-bounded perturbations belonging to A .X/. It is a wide class of operators which contains all the classical perturbation classes considered in the literature (see Remarks 1.2-1.3). It is worth remarking that, according to Remark 1.1, operators in A .X/ need not be closed.
We are now ready to state the main result of this paper which generalizes [17, Theorem 3.1]. THEOREM 2.1. Let A ∈ .X/ and let J be an operator on X. The following statements are satisfied.
Let X be a Banach space. We say that X possesses the Dunford-Pettis property (for short, property DP) if, for each Banach space Y , every weakly compact operator T : X → Y takes weakly compact sets in X into norm compact sets of Y . It is well known that any L 1 space has the property DP. Also, if is a compact Hausdorff space then C. / has the property DP. For further examples we refer to [5] or [6, Notice that in most applications (transport operators, Schrödinger operators, operators arising in dynamic populations etc. see [3, 9, 17, 22, 24] ), we deal with operators A and B such that B = A + J , where A ∈ .X/ (often is the generator of a strongly continuous semigroup) and J is, in general, a closed (or closable) A-defined operator not necessarily bounded. The next proposition provides a practical criterion for the invariance of essential spectra for such operators, which is useful in applications (see Section 4). 
Moreover,
−1 is a closed linear operator defined on all X and therefore bounded by the closed graph theorem. On the other hand, the assumption r ¦ .J .½ − A/ −1 / < 1 implies that ½ ∈ ².A + J / and
Clearly, if J .½ − A/ −1 ∈ Á .X/, then the closedness of Á .X/ implies that
Let us now recall another definition of the Schechter essential spectrum (see, for example, [23, 24] ). It asserts that if A ∈ .X/, then ¦ e5 .A/ is the largest subset shows that (2.1) remains valid if we replace Ã .X/ by 0 .X/ (the ideal of finite rank operators). So, 0 .X/ is the minimal subset of Ä .X/ (in the sense of inclusion) for which (2.2) holds true.
In the next theorem we will give a sharper form of (2.2) which extends it to A-bounded perturbations contained in A .X/. To do so, we will assume that . In fact, in [16] (respectively [15] ) it is proved that in the case when X is an L p space (respectively has the property DP), the definition of ¦ e5 .·/ can be stated in terms of A-strictly singular (respectively A-weakly compact) perturbations.
and AÏ .X/ ⊆ A .X/, if X has the property DP, then these two results are particular cases of our theorem. Their proofs depend in a crucial way on the properties and the structure of both the families of operators and the classes of spaces considered, and are different from the proof of the Theorem 2.2 given below. (2) Recall that, following Calkin [1] , if X is a separable Hilbert space, then Ã .X/ is the unique proper nonzero closed two-sided ideal of Ä .X/. This result also holds true for the spaces l p , 1 ≤ p < ∞ and c 0 [8] . Hence if X is one of these spaces, then Ã .X/ = .X/, and therefore AÃ .X/ is largest class of operators which permits to derive the results stated above. (3) A Banach space X is an h-space if each closed infinite dimensional subspace of X contains a complemented subspace isomorphic to X. Any Banach space isomorphic to an h-space is an h-space; c, c 0 and l p .1 ≤ p < ∞/ are h-spaces. Let X be an h-space, according to [29, Theorem 6 .2], Ë .X/ is the greatest proper ideal of Ä .X/. Hence, since Ë .X/ ⊆ .X/ we conclude that Ë .X/ = .X/. Next, let A ∈ .X/, then it follows from Definition 1.3 and Remark 1.3 that AË .X/ = A .X/. Accordingly, for h-spaces, AË .X/ is the largest family of operators for which the results of this section are valid.
Proofs
To establish the results stated above we will make use of the following perturbation lemma which is fundamental to our purpose. It generalizes many known perturbation results in the literature. When dealing with A-bounded perturbations, where A ∈ .X/, many results in the spirit of the assertions of Lemma 3.1 concerning special classes of operators and particular Banach spaces may be encountered in the literature. In fact, the first result in the spirit of Lemma 3.1 (i) for A-compact operators was established by Nagy [20] . Using Nagy's idea, Gohberg and Krein have obtained items (ii) and (iii) (and consequently (iv)) stated above for the same class of operators [8] . In [12] Kato proved assertion (ii) for A-strictly singular operators. If X has the property DP and J ∈ AÏ .X/, then Lemma 3.1 (i) and (iii) hold true (see [15] ). Recently, it is proved that if X is an L p space (1 ≤ p ≤ ∞) and J ∈ AË .X/, then statements (i) and (ii) are valid (see [16] ). Note that in our case, Vladimirskii's result (see [27, Corollary 1]) writes ACË .X/ ⊆ A − .X/, and therefore (i) and (iii) hold true for A-strictly cosingular perturbations.
PROOF OF LEMMA 3.1. Since A ∈ .X/ and J ∈ A .X/, hence as mentioned above we can regard A and J as operators from X A into X. They will be denoted bŷ A andĴ respectively. These belong to Ä .X A ; X/ and we have
Observe that assertion (ii), the first part of (iii) and (iv) are immediate. To prove the second part of (iii) we proceed as follows. Let A ∈ 8 − .X/. Applying [13, Theorem 5.13, page 234] we infer that A * ∈ 8 + .X * /. Moreover, J * ∈ A + .X * / implies that A * + J * ∈ 8 + .X * /. This together with the fact that Þ.A * + J * / = þ.A+ J / (use again [13, Theorem 5.13, page 234]) gives the result.
(i) Assume that A ∈ 8.X/. Then using (3.1) we infer thatÂ ∈ 8 b .X A ; X/. Hence, it follows from [24, Theorem 1.4, page 108] that there exist A 0 ∈ Ä .X; X A / and K ∈ Ã .X/ such thatÂ
This leads to 
applying Proposition 1.1 we conclude that
denote the imbedding operator which maps every x ∈ X A onto the same element x ∈ X A+ J . Clearly we have N .Á / = {0} and R.Á / = X A+ J . So, the estimate
b .X A ; X A+ J / and i .Á / = 0. Next, remembering that .½ 0 −Â−Ĵ / −1Ĵ ∈ b .X A ; X A+ J / and using Lemma 3.1 (i) we get
On the other hand, since ½ 0 ∈ ².A + J /, it follows from (3.1) that
Thus, writing ½ 0 −Â in the form
and using (3.6), (3.7) and the Atkinson theorem we get ½ 0 −Â ∈ 8 b .X A ; X/ and i .½ 0 −Â/ = 0. Now using (3.1) we infer that .½ 0 − A/ ∈ 8.X/ and i .½ 0 − A/ = 0, that is, ¦ e5 .A/ ⊆ Ç.
Application to singular transport equations
The aim of this section is to apply Proposition 2.1 to study the essential spectra of the following singular neutron transport operator (see [2, 18, 19] )
where . The main feature is that the collision frequency ¦ .·/ and the collision operator K are unbounded. Actually, an unbounded collision frequency ¦ .·/ acts as a strong absorption which allows the unboundedness of K . We assume that the scattering kernel Ä.·; ·/ is nonnegative and there exist a closed subset Ç ⊂ Ê n with zero d¼ measure and a constant ¦ 0 > 0 such that
where q denotes the conjugate exponent of p.
We denote by K the following collision operator
where L p .Ê n / := L p .Ê n ; d¼.v// and we introduce the following weighted space
It follows from the assumption (4.
We also define the space X 
